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ABSTRACT

The principal objective of this work on modefling and
analysis of switching de-to-de converters and regulatons 48 to obtain
a Linear model (eithen through state-space orn Linean circuilt descrip-
tion), subject to appropriate hestrictions, fon the inherently
nonlinearn power stage in which the de convernsion 44 accomplished.

A general unified approach to modelling and analysis of switching
de-fo-de conventers s developed which 48 directly applicable to any
de-to-de converntern operating in eithen of two conduction modes
(continuous on discontinuous inducton cunrent), and which results in
a final dynamic Linear model either in tewms of state-space equations
on in terms of thein cornresponding Linean cineult models, 1In
particular, in Parnt 1 this analysis technique, called state-space
averaging, 45 applied to the continuous conduction mode of converter
operation, while in Part 11 appropriate extension of the method Lo
the discontinuous conduction mode is made. 1In each case, the
cwmination of the modeﬁﬂimg and analysis is achieved in the develop-
ment of canonical cireuwlt models which represent any such converter
negandless of {ts detailed congiguration.

The insights that emernge ghom the general state-space modelling
approach (Parnts 1 and 11) Lead in Parts 111 and IV fo the design of
new converter topologies through the study of genetic properties
04 the cascade connection o4 basic buck and boost convertens. This
study paves the way in Part IV to the discovery of a new switching
converten based upon capacitive rather than the usual inductive
enengy thansfern., The new converter L8 shown Lo have substantial
advantages over the conventional converters in its class in
egpiciency, perfommance, and also in size and welght.

Both the state-space averaged models and thein corresponding
cireuit reallzations provide the circult designern with a powerful
tool gon analysis of existing converterns as well as for synthesds
of new converter topologies.
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INTRODUCTION

The ever increasing demand of society for new and more abundant
sources of energy, as well as for means of better and more efficient
conversion to a medium suitable for widespread use such as electrical
energy, has provided a healthy environment for the recent growth of the

new, interdisciplinary field of Power Electronics. Functions to be

performed by electronic power processing systems include a wide
range, from efficient conversion of dc source voltage from one voltage
to another, to inversion of dc to single-phase or multiple-phase ac,
and controlled conversion of ac to dc. The applications also cover
a wide spectrum, from a power supply in a hand-held calculator,
through a variety of spacecraft systems including solar array and
battery power conditioning, to industrial process control and electric
utility bulk power inversion.

However, it comes as no surprise that this new field has.
offered some unmatched challenges owing to its unique combination of
the three major disciplines of electrical engineering: electronics,

power, and control. Classical signal processing electronics, coupled

with the advent of semiconductor devices capable of handling substantial

amounts of power, is used to control the power (or electrical energy)

flow from some raw source of electrical energy (such as solar cells,
for example), to the user (load). But in distinction with signal-
processing electronics, where the power efficiency is of minor concern,
here, as in classical power systems, it becomes the major issue,

owing to the relatively large amounts of power involved. quer
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efficiency makes mandatory the use of control devices, such as
transistors and SCR's (silicon controlled rectifiers) in a repeti-
tive switching mode, thus further increasing the problems of modelling
the dynamic behavior of power switching circuits because of their
inherent nonlinear nature. In addition, in many instances, the
power conversion or inversion function is coupled with a requirement
for regulation, and stability problems naturally arise because the
self-correcting feature is usually obtained by employing electronic
feedback in a closed-loop system. It is in this context particularly
that a fusion of viewpoints of the power, control, and electronics
disciplines is most necessary and also potentially fruitful.

However, the bringing together of these disciplines in order to
achieve the general understanding and consequent innovation in power
processing electronics systems is not merely their accumulation, but
rather requires a revised look at their specific interrelations from
the component to the system level. For example, a signal-processing
electronics engineer usually thinks in terms of active devices used
in either linear or switching mode together with resistors and
capacitors; he avoids inductors and transformers. On the other hand,
a power-processing electronics engineer must think in terms of active
devices used in the switching mode together with capacitors, inductors,
and transformers; he must avoid resistors in the interest of maintain-
ing high efficiency in the power path. This important distinction
requires a different way of thinking about circuit function realiza-
tion. From the system point of view, one has only to recognize, for

example, a dc-to-dc switching regulator as a dc, wide-band, nonlinear
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sampled-data control system (with the ever-present high-efficiency

constraint), to appreciate the challenge of bringing together these

various disciplines.

Hence, the area of modelling and analysis of power processing

systems, owing to their inherent nonlinear nature, becomes an even
more challenging task, particularly in view of the lack of adequate
analysis tools at the disposal of the circuit designer working in this
field. 1In connection with that, the choice of parameter values in
already existing circuit topologies, as well as the design of new
circuit topologies is Tikewise a very difficult one.

The major thrust and purpose of this work is to provide the
circuit designer with analytical tools which are accurate enough for
practical purposes, yet simple enough to apply to give him powerful
tools for design-oriented analysis in one of thé major areas of

electronic power processing: switching dc-to-dc converters and/or

regulators. In addition, this analysis through appropriate linear
circuit models provides the necessary insight which may lead to inno-
vative converter topologies, offering better and near optimum
performance.

The structure of this work has been divided into two distinct

yet firmly interconnected major divisions: general unified approach

to modelling and analysis of switching dc-to-dc converters, presented

in Parts 1 and II, and design of new converter topologies presented

in Parts III and IV, which has been directly made possible by the
insights gained from the analysis methods of Parts I and II. Chapter

1, which is placed outside and in front of these four parts, is



intended to familiarize the reader with the basic switching conversion
concepts and at the same time to introduce both the analysis diffi-
culties as well as to designate the possible areas of performance
improvements in switching converter design.

The principal objective of the work on modelling and analysis

of dc-to-dc converters and regulators (Parts I and II) is to obtain a

linear model (either through state-space or linear circuit description),

subject to appropraite restrictions, for the inherently nonlinear

power stage in which the dc conversion is accomplished. Such convers

ters operate in one of two modes: a two-state mode referred to as the

"continuous conduction mode," in which inductor currents do not fall

to zero (as modelled in Part I), and a three-state mode, "discontinuous
conduction," in which an inductor current falls to zero (Part II).

The culmination of this work is a canonical circuit mndel for
a dc-to-dc converter in the continuous conduction mode which properly
represents both the Tine and duty ratio transfer functions and also,
for the first time, correctly represents the converter input
impedance. The principal advantage of the canonical model is that
it represents any such converter regardless of its detailed configura-
tion.

The corresponding canonical circuit model for a dc-to-dc
converter in the discontinuous conduction mode is obtained in Part II,
which not only confirms that the line and duty ratio transfer func-
tions become first-order, in contrast to the second-order functions
of the continuous conduction case, but also for the first time

correctly represents the input impedance.



Both canonical models are made possible by a powerful technique

called state-space averaging developed in both Parts I and II,

which wunifies and places in perspective what had previously been

considered distinct analytic methods.

The insights gained by the state-space averaging approach of

Part I and Part II leads in Part III to the study of the generic
properties of a new class of buck-boost converters obtained by cas-
cade connection of basic buck and boost converters.

Finally, this study culminates in Part IV in the discovery of
a new switching converter based upon capacitive rather than the usual
inductive energy transfer. The new converter is shown to have sub—.
stantial advantages over conventional converters in efficiency,

performance and also in size and weight.



CHAPTER 1
SWITCHING DC-TO-DC CONVERTERS
AND REGULATORS

In this introductory chapter several common switching dc-to-dc
converters are introduced and their physical operation briefly
explained. The basic property, dc-to-dc voltage and current level
conversion, is arrived at following some simplified arguments based
on fundamental physical laws in order to familiarize the reader with
some of the basic quantitative relationships.

Upon this initial exposure to the nature of the problems
associated with the analysis of these essentially nonlinear circuitss
the general, unified, and complete method of modelling and analysis of
any switching dc-to-dc converters (even those yet to be invented)
developed and presented in chapters to follow will be more easily

grasped.

1.1 Physical operation and basic properties of switching converters

We begin with the three common switching converters (also
called power stages because of their power handling capability)
depicted in Fig. 1.1. While in Fig. 1.la the topological structure
of these converters independent of any particular switch realization
is shown, in Fig. 1.1b a bipolar transistor, commutating diode
realization of the single-pole double-throw switch S is used. It is
also evident from Fig. 1.1b that transistors are used in their

switching mode: either fully turned on (corresponding to the position



a) b)
buck power stage:
L Vv L Vv
— AT 21"
Vg | S Vg | | ] g
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| J1r S ¢

boost power stage:

L L
V Vv
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buck — boost power stage:
lin S lout Vv iin iou‘f V
Vb'::‘ L C=F F{\@"::' A L_g; C == R
g1

Fig. 1.1 Three common switching de-to-de convertens:
a) topological congiguration independent of switch nealiza-
ton b) bilpolarn trhansiston implementation of the switch S.

of switch S in Fig. 1.1a) or fully off (the other position of switch
S). This is obtained by bringing a periodic switch drive signal as
shown in Fig. 1.2 to the base of the transistor. The frequency of
repetition of this signal is defined as the switching frequency

fs = 1/Ts,and for discuséion purposes will be considered constant.
The fraction of the complete period Tsfor which the transistor is on

is defined as the steady state duty ratio D =TN/TS. The diode in
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each converter acts as a switch automatically synchronous with the
transistor. That s, when the transistor is on, the diode is reverse
biased and effectively off; as soon as the transistor becomes off, the
diode is forced to conduct by the continuous inductor current, and
stays on as long as there is a positive inductor current.

switch drive

$ Ts

-

N Tr

- —Ptt -

s
I time

Fig. 1.2 Definition of the periodic switfch drive.

Consider now more closely the simplest of these converters,

- the buck power stage (sometimes called the step-down or chopper
converter because of its property of reducing the input dc voltage).
With assumption of ideal transistor and diode switches, the buck power
stage can be equivalently represented as in Fig. 1.3.

* dcgolfage

D .
Y l\\o—fé—ﬁ\ e — -
S P - ~

) 1 first harmonic
DTs C T R I —~

input low pass filter - - - higher
voltage network order harmonics

Fig. 1.3 Basdic dec conversion function of buck power stage viewed
through hammonic decomposition and principle of duper-
position.
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Fourier harmonic decomposition of the periodic input voltage
and the principle of superposition show that the output voltage con-
sists of a dc voltage V = DVg and ac harmonics with fundamental at
the switching frequency fs. If the low-pass filter elements are
chosen such that its corner frequency fC = 1/(2%/LC) is much smaller

than the switching frequency fe (f. << fs), all harmonics are sub-

c
stantially attenuated leading to very small output voltage ripple.
Hence, even though present, the output voltage ripple can be reduced

to an arbitrarily small value by proper choice of filter elements.

A significant feature of the switching converter is that a

degree of control over the output dc voltage has been introduced

through its dependence on the duty ratio D. Therefore, simply by
varying the switch drive duty ratio one is able to change the output
dc voltage. Also, since by definition 0 Sps 1, it is apparent that

the buck power stage is capable only of reducing the dc input

voltage level.

Another very important property of the converter is immediately
apparent. For a properly designed filter, the ripple voltage is

negligible, and the output current is dc current only I = V/R.

out
However, input current flows only during the interval when the tran-

sistor is on, and hence Iin = DIout' Therefore, the efficiency of

the converter in this ideal case is 100% since

Pout - out -pl=q
Pin ngin D

The key to this ideal 100% efficiency is in the fact that the control

device, the transistor, is used in the switching mode, unlike its
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~use in a linear regulator as a linear dissipative element or variable

resistance. However, in reality the voltage across a real transistor
when it is turned on is not zero as for ideal switch S, but its
saturation voltage VCEsat is usually 0.3V-1V. Likewise, the diode
has some forward vd]tégé dkdbydf the ééhéwg;der which also slightly
degrades the efficiency of a real converter. Nevertheless these

losses are negligible in comparison with losses present in a linear

regulator.

1.2 Two operating modes and their dc relations in the steady-state

regime

So far two important characteristics of switching converters
have been established: a degree of control through duty ratio drive
D, and high efficiency of operation. There are, however, some other
features peculiar to these converters which, even though present, are
not so clearly displayed in the buck power stage example. Let us
therefore consider the buck-boost converter, in which these additional
features are most visible.

For the two positions of the switch S in the buck-boost converter
of Fig. 1.1, the two switched network configurations shown in Fig. 1.4

are obtained, from which it is clear that a topological structural

change occurs within each period and the circuit configuration is

changed periodically from that of Fig. 1.4a to that of Fig. 1.4b.

Both switched networks in Fig. 1.4 are linear by themselves, but it

is due to this periodic structural change that the converter itself is
a nonlinear circuit. It is exactly here where the difficulty in

modelling and analysis of these converters arises.
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DTs :
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b) interval DTs =(1-D)Ts

[

V

il
1
(@]

Fig. 1.4 Two switched networnks forn the buck-boost convertern operating
n the continuous conduction mode.

Another interesting observation about the role of the induc-

tance can be made: it acts as an energy transferring device between

input source.voltage Vg and output load R, by accumulating the energy

in the form of a magnetic field during the first interval TSD and

then releasing it to the load during the subsequent interval TSD',

thus charging the output capacitor negatively as shown in Fig. 1.4b.

With assumption of LC filter values properly chosen for low (negligible)

output voltage ripple, the inductor voltage and current waveforms in

this steady state, so called "continuous conduction mode", are as shown

in Fig. 1.5.

a) inductor volfage Vv,

f

Vg

®

Fig. 1.5 Enengy storage inducton steady-state waveforms in the

» 1

VI

b) inductor current

b Vg/L slope VIL
\ .

Ay

I

continuous conduction mode.

» 1

it) 3

\
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The continuous conduction mode refers to operating
conditions and converter parameter values for which the instantaneous
inductor current does not fall to zero at any time during the switching
cycle, as shown in Fig. 1.5b. This is directly connected with the
existence of only two switched networks during each cycle, as was
shown in Fig. 1.4.

Let us now find for this operating mode the static conditions,
that is, the dc voltage and current level conversion relations in the
steady state regime. Here "steady state regime" signifies the fact
that the duty ratio D is held constant over a sequence of switching

cycles, thus leading to the current and voltage periodicity requirements;

steady i(0) i(Té) for inductor current

state v(0)

V(Tﬁ) for capacitor voltage

Then, from Faraday's law
T i(T)
va(t)dt=L fdi=L[1'(TS)— i(0)] = 0 (1.1)
i(0)

in steady state. Evaluation of the integral on left with help of

Fig. 5a gives
VPTg+ V(1-D)Tg= 0

or
v _ . D
Ui )] (1.2)

which is the ideal dc voltage gain for the buck-boost converter.
It is now obvious that the buck-boost power stage is capable
of producing a dc output voltage which is either smaller (for D < 0.5)

or larger (for D > 0.5) than the input voltage, and hence realizes
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a general dc conversion function. Since none of the lossy elements
has been accounted for, the dc current gain in this ideal 100%
efficient case would be Iout/lin = D'/D.

Consider now the case in which the energy stored in the inductor
during the first interva]TSD] ETSD is completely released to the output
load before the switching cycle T has ended, causing the inductor
current to become zero for the last portion of the period To. This
could happen if the switching period has been sufficiently increased,
or if the inductance has been substantially reduced and hence it has shortened
the time interval necessary to release energy to the output. Even
if neither change has occurred, but instead the load resistance R is
increased sufficiently to cause lowering of the average inductor
current I shown on Fig. 1.5b to the point where i(0) = i(TS)= 0, the
instantaneous inductor current becomes as shown in Fig. 1.6b. The
converter is thus operating in the so-called "discontinuous conduction
mode," 1in which the name clearly originates from the discontinuous

inductor current waveform in Fig. 1.6b.

b)

inductor voltage Vi
ﬁ inductor current iit]

Vg S 15

® .
e I—"Jf'a

VI

D ITS Dsz D31:5

Fig. 1.6 Steady-state inductor wavegorums in the discontinuous conduc-
tion mode.
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The immediate consequence of operation in the discontinuous
conduction mode is that there are three different switched network

configurations inside each switching period T as shown in Fig. 1.7.

a) interval DTs: b)interval D;Is: c¢) interval Dils:
V ? \Y vV

Vg

y |
o guzedr T BL iR ng L2c 3R
i i i=0

Fig. 1.% Three switched networks gor the buck-boost converten
operating in the discontinuous conduction mode:

a) trhansistorn on, diode 044, b) trhansistorn off, diode on,
c) thansiston off, diode 04§

At the end of the second interva]1gD2 s the energy stored on the
inductor has been completely released to the load and inductor current
vanishes. Hence, the inductor voltage becomes zero which causes the
diode to become reverse biased and hence nonconducting for the last
interva]TSDé, for which interval the third switched network topology
shown in Fig. 1.7c is formed. As for the continuous conduction mode

topological structural changes take place within each period, but for

the discontinuous conduction mode the changes are among three different

switched network topologies as displayed in Fig. 1.7.

It is important to emphasize that the two properties described

E— SN

principle and two modes of operation -- are not restricted to this
particular example but are general in nature. They are applicable
not only to the other two converters shown in Fig. 1.1 but also to

any switching converter so far known.
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Let us now, however, complete the comparison between the two
modes of operation for the buck-boost converter example. The steady
state dc voltage conversion ratio might be found as before by use of

Faraday's law and Fig. 1.6a as:

) VDT + VD,T.= 0
or g’'s 2's

e (1.3)
g 2

However, the interval DZTs’ which determines how deep in the discon-
tinuous conduction mode the converter is operating, is yet to be
determined. This can be accomplished by finding an alternative
relation for the dc voltage ratio, based upon the 100% efficiency

property of the ideal converter. From Fig. 1.6b, I

L2y 2

B A2
., =Dl =D vg.TS/ZL
and so Pin = Vﬁ;in}z D Vg Tg?L; then, Pou

i
Y =
=V*/Rso from Pin P

t out
. 2 ” T E/lf /d
v v T
2 o =
S
which leads to
v T\ IR
‘V_‘" oL D (1.4)
g
or
V. D
where Vg /K D
2L
K i fS

D, = K (1.5)

so that the dimensionless parameter K determines then the length of
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the second interval DZTs' It is interesting to note that the second
interval D2 is determined solely by K so that, for a given converter
the second interval is a constant affected only by the Togdkresistance
R. This is not true for the buck or the boost converter, in which the
second interval is dependent not only upon K but also upon the duty
ratio D.

For the buck-boost converter, comparison between (1.2) and (1.4)
shows thatvin the continuous conduction mode the dc gain is a highly
nonlinear function of duty ratio D only (1.2), while in the discon-
tinuous conduction mode it is a linear function of duty ratio D but
also dependent on the dimensionless parameter K (1.4).

The boundary between the two modes of operation is easily found
from Fig. 1.6b as:

D3=O;*>DZ=1-D:‘>D'=JK (1.6)

Furthermore, a criterion to determine in which of the two
modes the cénverter is operating can be established in the form of
an inequality relationship among circuit parameter Va]uef%PaRWMu
switching frequency fs’ and duty ratio D of the switching drive as

follows:

continuous conduction mode

D' < /XK

(1.7)

discontinuous conduction mode
D' > /K

where K = 2L/RTgis a dimensionless parameter.

For instance, when K 2 1 the converter will always be operating

in the continuous conduction mode regardless of the control--duty
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ratio D, while for K <1 it will operate in the discontinuous conduc-
tion mode for D < 1 - K.

To illustrate this with a numerical example, 1et L = TmH,
fS = 10kHz, and R = 10Q. Then,K = 2 and the converter will always
operate in the continuous conduction mode. However, if the load
resistance is increased to R = 100Q, K = 0.2 and the converter will
operate in the discontinuous conduction mode for D < 0.553. This
example a]sq justifies why the continuous conduction mode is sometimes
also called "heavy mode" (Tow resistance R and heavy loading) while
the discontinuous conduction mode is referred to as "light mode"

(higher resistance R.and therefore light loading).

1.3 Switching ripple and pulsation of input and output currents

Now that the two distinct modes of operation of switching dc-to-
dc converters have been clearly distinguished, the physical origin of
théir appearance understood and the quantitative measure describing
the transition between two modes of conduction correlated with circuit
physical parameters, we can proceed to expose some of the undesirable
features inherent in the switching converters of Fig. 1.1 in both

conduction modes.

Consider now both input and output currents (designated iin and

iout in Fig. 1.1) for the buck-boost converter in the continuous
conduction mode. Even though the converter is operating in the
continuous conduction mode, owing to the switching action of the

transistor and diode,both currents are as illustrated in Fig. 1.8.
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Fig. 1.8 Tnput and output cwuent of the buck-boost converten
operating 4in the continuous conductiOn mode.

It can easily be verified that the buck converter has the same

pulsating input current as shown in Fig.1.8a. This invariably requires

that an input filter (usually a single-section low-pass L,C filter)
be put in front of these two converters to smooth out the substantial
current ripple component at the switching frequency drawn from the
Tine supply. That way, electromagnetic interference (EMI) problems
generated by the abrupt variation in energy flow (pulsating current)
are reduced, and contamination of the environment by the undesired
electromagnetic disturbances alleviated.

On the other hand, the boost converter of Fig. 1.1 has the same

pulsating output current, as the buck-boost converter in Fig. 1.8b,

which is primarily responsible for the much higher output voltage

ripple of these two converters compared to the buck power stage with

the same storage element values and operating conditions (switching
frequency fs; duty ratio D, and continuous conduction mode). The
smaller voltage ripple in the buck power stage is a consequence of the
nohpu]sating output current (similar to that shown in Fig. 1.5a) with

very small current ripple Aiout which can easily be found as
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Consequently, the output voltage ripple Av is obtained from

Ai VD'
Av{peak-to-peak) = out_ . i (1
. BQC 8LCQ
and the relative output voltage ripple Av/V is:
\2
v 2 'fs
where
Fom—l
2m/LC

.8)

.9)

.10)

Here fc is the corner frequency of the low-pass filter formed by L and

C. Since the ultimate requirement of the dc-to-dc converter is to
provide dc level change and output d¢ voltage only, this poses a
rastriction on the choice of filter elements. Namely, from (1.10)

output voltage ripple will be negligible if the following require-

ments are satisfied:

fc << fs fc = 1/2w/LC
where (1.
wa << fs wa = 1/2RC

The second inequality condition in (1.11) comes from requirement
of negligible output voltage change during the interval TSD (see

Fig. 1.4a) when capacitance C discharges into load R.

As a numerical illustration for the typical parameter values,

in continuous conduction mode, L = émH, C = 40uF, fs = 20kHz,

1)
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R =60 , we obtain f. = 330Hz, v, = 211z and inequalitites (1.11)
are well satisfied. Hence from (1.10) Av/V ~ (fc/fs)2 " 10'4 or

the output voltage ripple is of the order of 0.01% for the buck

converter.

For the same element values but for the buck-boost converter,

since the output current ripple is now from Fig. 1.8b, A1out = I]oad =
V/R, the output voltage ripple becomes load current dependent and is:

Av 1/RC

Iload
Av =D *‘-——‘——fsc :>V- =D ——1‘:-;" (].]2)

or of the order of several percents for the given numerical example.
A similar result is obtained for the boost converter.

Hence for the two converters with pulsating output current,

almost two order of magnitudes higher voltage ripple is obtained.
It could be reduced to an acceptable level by increase of capacitance
C or by increase of the switching frequency fs; in that case, however,
the fundamental requirement (1.11) for low output voltage ripple
would be even better satisfied than for the buck converter example.

It is now no surprise that both EMI and output voltage ripple

would be further degraded in the discontinuous conduction mode,

since then both input and output current become even more pulsating,
as illustrated for the buck-boost converter in Fig. 1.9.

Suppose that the transition to the discontinuous conduction mode
is made by significantly lowering the inductance from that used in the
continuous conduction mode. Highly impulsive current in Fig. 1.9b

would then cause an intolerable output voltage ripple, unless either



21

a) input current b)output current

4 !

— S -
DTs DoTs Dals DTs Dols Dals

Fig. 1.9 TInput and output cwirent of the buck-boost converten
operating in the discontinuous conduction mode.

the output capacitance C or switching frequency is increased, or both.
In any case this has the consequence that the fundamental "small-
ripple" restrictions for the "natural frequencies," fC << fS and

W, << fs’ would be even better satisfied. As an example, for the
typical set of values in the discontinuous conduction mode L = 60uH,

C = 400pF, fs = 100kHz, R = 60Q we get fc = 1,02kHz andcua = 21Hz,
thus satisfying inequalities (1.11) to a high degree. In essence, one
recognizes that the burden of filtering out the switching ripple has
been shifted from an egual share among inductance and capacitance in
the continuous conduction mode completely to the capacitance in the
discontinuous conduction mode. The inductance has retained only its
energy transferring propérty but has lost its filtering property.

We therefore emphasize at this point the importance of the
simple inequality requirements (1.11) placed as restrictions on the
choice of parameter values in order to reduce the switching ripple
inherent in all these converters to an acceptable level. When these

relationships are properly recognized and incorporated in the model-
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ling procedure a tremendous simplification of the analysis is
obtained, and yet the derived results are accurate enough for all
practical purposes. They are also the underlying basis of the general
unified approach to modelling and analysis of switching converters
which will be presented in Part I and Part II.

Besides having its importance and implication on the
theoretical modelling procedure devised later, the relation (1.11) in

conjunction with, for example, (1.10) exposes yet another interesting

feature of switching dc-to-dc converters -- reduction of size and

weight. Simple increase of switching frequency fs would allow propor-
tional increase of corner frequency fc while still retaining the same
switching ripple. Hence, the inductance and capacitance could be

chosen smaller in value and size. However, this would not be
achieved without a cost; increase in switching frequency would degrade
the efficiency of the converter owing to increase in "switching losses,"
which become pronounced when the switching transistor rise and fall
times become a substantial part of the switching period. The
effigiency of conversion and quality of the switching transistor would

pose the upper bound on the switching frequency.

1.4 Dynamic response of a switching converter; switching regulators

So far we have demonstrated only the steady state or static
characteristics of switching converters. They would, of course, be
sufficient to characterize the converter if it were used in an open

loop fashion, namely, if the converter were used alone for voltage
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level conversion by setting the transistor steady state duty ratio

externally at some predetermined value. However, quite often the
primary source of energy is unregulated and could have a wide range of
voltage variation; on the other hand, a typical requirement is that
the voltage (or sometimes current) supplied at the output to a user
(some other electronic or electrical equipment) be maintained

constant over a wide range of loading conditions. This is naturally

achieved by the application of negative feedback in a closed-1oop

configuration, such as that shown iri,Fig. 1.10 depicting a typical

switching regulator.

—unregulated input regulated output —
input switching mode ocutput
filter converter filter
g1t K} T v
Ls %ﬁ Lo
Vg Cr Lé C= Co %R
>
PWM > power flow
Ve N 7 7 7 Feeoack |}
=L | NETWORK I
| I
dit} v |
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l I
| I
—_— —

—-
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Y B 2 et A 1

DE DTs sighal flow <t:3

Fig. 1.>70 Switching regulaton: closed-Loop AimplLementation of the
switehing de-to-de converten. ‘
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For concreteness, the switching mode converter is represented
by a buck-boost power stage, and the input and possible additional
output filter are incorporated to smooth out the pulsating input and
output currents as discussed before. Also a particular type of pulse
width modulator (PWM) is used in which the on-off signal to the switch
is produced by comparison of a sawtooth clocked waveform with the
feedback signal as illustrated in Fig. 1.10 and sometimes referred

to as a single-edge clocked pulse-width modulator.

As seen from Fig. 1.10 the error ¢ between the regulator
output v and reference Vi is amplified (and possibly compensated) to
produce an analog control signal Ve which further changes the duty
ratio of the digital on-off signal d(t) as necessary to maintain a
constant output voltage regardless of any source and load variations.
However, as in all feedback systems, careful investigation of the

closed loop is required to determine stability and dynamic response.

For small-signal analysis, the problem of loop gain determination can
be broken down into two parts: first, find how small-signal variations

”~

vgvand 8 superimposed upon the steady state, or dc, inputs Vg and D
to the converter alone determine a small-signal converter output ;
superimposed on its steady state value V; and second, determine how
this pertqrbation Q is propagated through the feedback network to

form a self-correcting modulation drive d. The first problem of

establishing the dynamic response of the power processing part, the
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switching mode converter itself, is a very challenging problem owing
to inherently nonlinear behavior of the converter, and will be
thoroughly dealt with in remaining chapters. The second problem of
modelling the dynamic behavior of the signal processing part, con-
taining the modulator stage, will also be touched upon later, and
hence the small-signal linear model of the complete closad Toop
switching regulator obtained.

Finally let us make the following simplifying observation.
Even though a switching converter is nonlinear, and hence a sinusoidal
test‘signal (such as ;g) would produce a number of harmonics, all
higher order harmonics may be neglected since the nonlinearity is
followed by a very effective low-pass filter which attenuates them
substantially with respect to the fundamental. This is the so-called
describing function (DF) approximation, which can also be used
experimentally to determine this linearized frequency response by
observation of the output disturbance at the same frequency as the

injected test sinusoidal signal.

1.5 Generalized switching dc-to-dc converter

It is now not hard on the basis of the previous discussion to
visualize a general switching dc-to-dc converter, as shown in
Fig. 1.11, where elements are purposely shown not interconnected in

order to emphasize relative freedom of the choice of topology.
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Fig. 1.11 Generalized switching de-to-de converten.

A generalized switching converter could consist of a number of

energy storage elements (not necessarily a single inductor and
capacitor as in the converters of Fig. 1.1), transformers and
synchronous switches (again not restricted to the single switch as
in Fig. 1.1) which are arranged in a topology such that the periodic
opening and closing of the switches would guide the input power through
the switching network in such a way that dc level conversion is
obtained at the output.

There are, however, two general restrictions which have
to be placed on the choice of interconnection of elements and their

values:

1. Topology of the converter is not quite random, but the
storage elements (inductors and capacitors) have to be
arranged in such a way as to form effective]& a low-pass
filter if the prime dc input power is to be allowed to

propagate to the converter output.
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2. If the switching ripple caused by periodic action of the
switches is to be negligible, the natural filter frequencies

fc and w, must be significantly smaller than the switching

frequency fs.

As seen from Fig. 1.11 the two independent inputs for the
steady state (dc) static operation of the converter are line dc
voltage Vg and steady state duty ratio D, while for the dynamic (ac)

response, they are line voltage variation vg and duty ratio

modulation d.

This generalized converter also has two modes of operation as
previously illustrated on the buck-boost example. In the continuous
conduction mode the topology of the converter is periodically changed
between two switched networks (analogous to that in Fig. 1.4) while
in the discontinuous conduction mode three switched network structureg

are clearly distinguished (compare with Fig. 1.7).

Note,however,that this generalized switching converter can have
multistructural change (more than two switched networks) even in the
continuous conduction mode (see Appendix D,for example). Likewise, the
discontinuous conduction mode is not restricted to just three structural
changes, though that is the minimum necessary to exhibit such behavior.
Neverthe]éss, we will in Part I analyse the continuous conduction mode
with only two structural changes, and in Part Il the discontinuous
conduction mode with only fhree structural changes because all the

essential features of the two modelling methods are presentvin these
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cases. The extension to the multistructural change is quite simple as
demonstrated in Appendix D for the converters with three or four struc-
tural changes (also referred to as "three-state" and "four-state"
converters, respectively) operating in the continuous conduction mode,
and in Chapter 6 (Section 6.2) for the discontinuous conduction mode with

more than three structural changes per switching period.

1.6 Review

It is for the generalized switching converter-with the features
described in Section 1.5 for which a general, unified method of
modelling and analysis in both conduction modes will be developed.
In particular, in Part I this general modelling technique is developed

in detail for the continuous conduction mode of converter operation.

In Part II, these techniques are extended with suitable modifications

to include modelling of the converters operating in the discontinuous

conduction mode. In both cases, a novel general and unified state space

averaging technique is used to arrive at the general equations des-

cribing both static and dynamic properties of any switching dc-to-dc

converter (pictorially represented in Fig. 1.11). Besides enabling
some general results not previously attainable, the method lends
itself ea;ily to extraction of very useful circuit model realizations
for any particular converter. Commonly used converters, shown in Fig.
1.1, are repeatedly used to demonstrate various models.

The ultimate goal and objective, however, of the modelling
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procedure was not only to provide the tool for both static and dynamic
analysis of existing converters, but through the circuit models
and general conclusions to give additional insight and incentive to
the circuit designer to devise new, better and possibly optimum
converters. |

In fact, it will be shown in Parts III and IV that this goal has
been achieved. Indeed, Part III is a result of the search for such
converter topologies which would confirm the general predictions
made by the canonical circuit model of Part I, since the known existing
structures failed to exhibit this generality. This has led naturally,
first, to the idea of interconnecting existing converter structures
into useful topologies, and cascade connection of switching converters
as described in Part III turned out to be a very powerful one, from
both theoretical and practical points of view. On the side of theory,
it has finally confirmed the general modelling results of Part I.
In addition, it has suggested a renewed look at the three "basic"
converters of Fig. 1.1, through recognition that the buck-boost power
stage may be considered as a buck converter cascaded with a boost
converter, and thus leaving only the first two converters of Fig. 1.1
to be considered tru]y‘basic. This crucial observation paved the way
for the discovery of a new switching converter which employs a novel
and optimum circuit topology, and which is shown in Part IV to out-
perform any switching converter in its class.

Finally, after the foundations for modelling and analysis are

firmly laid down in Parts I and II, and then used subsequently in
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Parts III and IV to show in a rather natural and logical order how
some new converter topologies could be devised, the thesis concludes
with a number of research areas wide open for future investigation:
discontinuous conduction mode in new converters, possible new modes
of operations and various technological implementations of synchronous

switches are just a few examples.
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GENERAL UNIFIED APPROACH TO
MODELLING SWITCHING CONVERTERS

PART I

ConTinuous ConpucTioN Mope
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CHAPTER 2
REVIEW OF THE NEW
STATE-SPACE MODELLING TECHNIQUE

The purpose of this chapter is to present a short, concise
review of the most important interrelationships among various
building blocks in the complete structure of the new modelling tech-
nique. Through this exposition of the varjous interconnections and
procedural steps summarized in the Flowchart of Fig. 2.1 a twofold
purpose will be achieved. First, the details of the modelling proce-
dures which are presented in the remaining chapters of this Part I will
be easier to grasp once it is understood how and where they fit into
the complete modelling picture. Second, after the details of
modelling are thoroughly explained in Chapters 3, 4 and 5, illustrated
on numerous examples and fully comprehended, it will serve as a quick
and easy reference guide and reminder containing all the essential
information about the modelling in the continuous conduction mode.

However, because of its overview feature, this chapter will be
relatively narrower in scope than,for example,Chapters 3 and 4 where
the detailed development of the new modelling technique is given and

the results discussed in depth.
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2.1 _Brief review of existing modelling techniques

In modelling of swifching converters in general, and power
stages in particular, two main approaches - one based on state-space
modelling and the other using an averaging technique - have been
developed extensively, but there has been little correlation between
them. The first approach remains strictly in the domain of equation
manipulations, and hence relies heavily on numerical methods and
computerized implementations. Its primary advantage is in the unified
description of all power stages regardless of the type (buck, boost,
buck-boost or any other variation) through utilization of the exact
state-space equations of the two switched models. On the other hand,
the approach using an averaging technique is based on equivalent
circuit manipulations, resulting in a single equivalent linear circuit
model of the power stage. This has the distinct advantage of
providing the circuit designer with physical insight into the
behavior of the original switched circuit, and of allowing the
powerful tools of linear circuit analysis and synthesis to be used to

the fullest extent in design of regulators incorporating switching

converters.

2.2 Proposed new state-space averaging approach

The method proposed in this work bridges the gap earlier
considered to exist between the state-space technique and the
averaging technique of modelling power stages by introduction of

state-space averaged modelling. At the same time it offers the
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advantages of both existing methods - - the general unified treatment
of the state-space approach, as well as an equivalent linear circuit
model as its final result. Furthermore, it makes certain gencraliza-
tions possible, which otherwise could not be achieved.

The proposed state-space averaging method, outlined in the
Flowchart of Fig. 2.1, allows a unified treatment of a large variety
of power stages currently used, since the averaging step in the state-
space domain is very simple and clearly defined (compare blocks la
and 2a). It merely consists of averaging the two exact state-space
descriptions of the switched models over a single cycle T, where
fs = 1/TSis the switching frequency‘(block 2a). Hence there is no
need for special "know-how" in massaging the two switched circuit
models into topologically equivaTent forms in order to apply circuit-
oriented procedure directly, as required in [1] (block 1c). Never-
theless, through a hybrid modelling technique (block 2c), the circuit

structure of the averaged circuit model (block 2b) can be readily

recognized from the averaged state-space model (block 2a). Hence all
the benefits of the previous averaging technique are retained. Even
though this outlined process might be preferred, one can proceed from
blocks 2a and 2b in two parallel but completely equivalent directions:
one following path a strictly in terms of state-space equations, and
the other along path b in terms of circuit models. In either case,

a perturbation and linearization process required to include the duty
ratio modulation effect proceeds in a very straightforward and formal
manner, thus emphasizing the corner-stone character of blocks 2a and

2b. At this stage (block 2a or 2b) the steady state (dc) and line to
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output transfer functions are already available, as indicated by
blocks 6a and 6b respectively, while the duty ratio to output transfer
function is available at the final-state model (4a or 4b) as indicated
by blocks 7a and 7b. The two final state models 4a and 4b then give
the conplete description of the switching converter by inclusion of
both independent controls, the line voltage variation and the duty
ratio modulation.

Even though the circuit transformation path b might be
preferred from the practical design standpoint, the state-space
averaging path a is invaluable in reaching some general conclusions
about the small-signal Tow-frequency models of any dc-to-dc switching
converter (even those yet to be invented). Whereas, for path b, one
has to be presénted with the particular circuit in order to proceed
with modelling, for path a the final state-space averaged equations
(block 4a) yive the complete model description through general
matrices A], A2 and vectors b], b2, c]T, and ééT of the two starting
switched models (block la). This is also why along path b in the
Flowchart a particular example of a boost power stage with parasitic.
effects was chosen, while along path a general equations have been
retained. Specifically, for the boost power stage b] = b2 = b. This
example will be later pursued in detail along both paths.

In addition, the state-space averaging approach offers a
clear insight into the quantitative nature of the basic averaging

approximation, which becomes better the further the effective low-

pass filter corner frequency fc is below the switching frequency fs"
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that is, fc/fS << 1. This is, however, shown to be equivalent to
the requirement for small output voltage ripple, and hence does not
pose any serious restriction or limitation on modelling of practical
dc-to-dc converters.

Finally, the state-space averaging approach serves as a basis
for derivation of a useful general circuit model that describes the

input-output and control properties of any dc-to-dc converter.

2.3 New canonical circuit model

The culmination of any of these derivations along either path a
or path b in the Flowchart of Fig. 2.1 is an equivalent circuit (block
5), valid for small-signal low-frequency variations superimposed upon
a dc operating point, that represents the two transfer functions of
“interest for a switching converter. These are the line voltage to
output and duty ratio to output transfer functions.

The equivalent circuit is a canonical model that contains the
essential properties of any dc-to-dc switching converter, regardless
of the detailed configuration. As seen in block 5 for the general
case, the model includes an ideal transformer that describes the
basic dc-to-dc transformation ratio from line to output; a low-pass
filter whose element values depend upon the dc duty ratio; and a
voltage. and.a current generator proportional to the duty ratio
modulation input.

The canonical model in block 5 of the Flowchart can be obtained

following either path a or path b, namely from block 4a or 4b, as
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will be shown later. However, following the general description

of the final averaged model in block 4a, certain generalizations

about the canonical model are made possible, which are otherwise not
achievable. HNamely, even though for all currently known switching
dc-to-dc converters (such as the buck, boost, buck-boost, Venable [3],
Weinberg [4] and a number of others) the frequency dependence

appears only in the duty-ratio dependent voltage generator but not

in the current generator, and then only as a first-order (single-
zero) polynomial in complex frequency s; however, neither circumstance
will necessarily occur in some converter yet to be conceived. In

general, switching action introduces both zeros and poles into the

duty ratio to output transfer function, in addition to the zeros and
poles of the effective filter network which essentially constitute

the line voltage to output transfer function. Moreover, in general,
both duty-ratio dependent generators, voltage and current, are fre-
quency dependent (additional zeros and poles). That in the particular
cases of the boost or buck-boost converters this dependence reduces

to a first order polynomial results from the fact that the order

of the system which is involved in the switching action is only two.
Hence from the general result, the order of the polynomial is at most
one, though it could reduce to a pure constant as in the buck or the
Venable converter [3].

The significance of the new circuit model is that any
switching dc-to-dc converter can be reduced to this canonical fixed
topology form, at least as far as its input-output and control

properties are concerned, and hence it is valuable for comparison of
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various performance characteristics of different dc-to-dc converters.
For example, the effective filter networks could be compared as to
their effectiveness throughout the range of dc duty cycle D (in
general, the effective filter elements depend on duty ratio D),

and the configuration chosen which optimizes the size and weight.
Also, comparison of the frequency dependence of the two duty-ratio
dependent generators provides insight into the question of stability

once a regulator feedback loop is closed.

2.4 Extension to complete regulator treatment

Finally, all the results obtained in modelling the converter
or, more accurately, the network which effectively takes part in
switching action, can easily be incorporated into more complicated
systems containing dc-to-dc converters such as the switching regulator
in Fig. 1.10. For example, by modelling the modulator stage along the
same lines, one can obtain a linear circuit model of a closed-1oop
switching regulator. Standard linear feedback theory can then be used
for both analysis and synthesis, stability considerations, and proper
design of feedback compensating networks for multiple-loop as well as
single-Toop reguiator configurations.

In summary, the review in this chapter has shown that the new
general state-space averaging method is directly applicable to any
switching dc-to-dc converter, even those whose topologies have not
yet been conceived, namely to the generalized switching converter of
Fig. 1.1L By simply following path a in the Flowchart of Fig. 2.1

both static (dc) and dynamic (ac) characteristics of the converter
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are easily obtained. The only assumption made is that the converter
operates in the continuous conduction mode, hence there exist only
two switched circuit models (or their equivalent linear state-space
description through triples (A], b], C]T) and (A2, b2, CZT) as shown
in block la of the Flowchart in Fig. 2.1).

In addition, for any particular converter, the circuit
averaged model results from following path b in the Flowchart.
Finally, as a culmination of both approaches, a new canonical
circuit model exhibiting fixed topology is obtained (block 5 in the
Flowchart) which makes certain general conclusions possible.

After being so general in this chapter, we proceed with the

specific derivations and illustrative examples in Chapters 3 and 4.
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CHAPTER 3
STATE-SPACE AVERAGING, HYBRID MODELLING
AND CIRCUIT AVERAGING
Several paths in the Flowchart of Fig. 2.1 are explored in

detail in this chapter and are illustrated by appropriate examples.
Since the justification of the basic state-space averaging step
(going from block la to 2a in the Flowchart of Fig. 2.1) is lengthy and
involved, the corresponding derivations are shown separately in
Appendices A, B and C. This way they will not hide or interfere with
the simple sequence of steps explained in this chapter, which are to

be followed in order to arrive at the final static and dynamic model

of the converter.

3.1 State-space averaging

In this section the state-space averaging method is developed
first in génera1 for any dc-to-dc switching converter, and then
demonstrated in detail for the particular case of the boost power stage
in which parasitic'effects (esr of the capacitor and series resistance
of the inductor) are included. General equations for both steady-
state (dc) and dynamic performance (ac) are obtained, from which
important transfer functions are derived and also applied to the

special case of the boost power stage.

Basic state-space averaged model
The basic dc-to-dc level conversion function of switching

. converters is achieved by repetitive switching between two linear
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networks consisting of ideally lossless storage elements, inductances
and capacitances. In practice, this function may be obtained by use
of transistors and diodes which operate as synchronous switches. On
the assumption that the circuit operates in the continuous conduction
mode in which the instantaneous inductor current does not fall to zero
at any point in the cycle, there are oh]y two different "states" of
the circuit. Each state, however, can be represented by a linear
circuit model (as shown in block 1b of Fig. 2.1) or by a corresponding
set of state-space equations (block la). Even though any set of
linearly independent variables can be chosen as the state variables,
it is customary and convenient in electrical networks to adopt the
inductor currents and capacitor voltages. The total number of storage
elements thus determines the order of the system. Let us denote such
a choice of a vector of state-variables by x.

It then follows that any switching dc-to-dc converter
operating in the continuous conduction mode can be described by the

state-space equations for the two switched models:

(1) interval T d: (i) interval T d':

X = A]x + b]vg X = Azx + b2vg (3.1)
T T

TG X | 2= %2

where Tsd denotes the interval when the switch is in the on state and
Ts(]—d) = Tsd' is the interval for which it is in the off state, as
shown in Fig. 1.2. The static equations ¥i = c]Tx and Yo = c2Tx

are necessary in order to account for the case when the output

quantity does not coincide with any of the state variables, but is
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rather a certain linear combination of the state variables.

Our objective now is to replace the state-space description
of the two linear circuits emanating from the two successive phases
of the switching cycle Tgby a single state-space description which
represents approximately the behavior of the circuit across the
whole period Ts' We therefore propose‘the following simple
averaging step: take the average of both dynamic and static equations
for the two switched intervals (3.1), by summing the equations ifor
interval Tsd multiplied by d and the equations for interval Tsd'

multiplied by d'. The following linear continuous system results;

X

d(A]x+b]vg) + d'(A2x+b2vg)
(3.2)

<
1

= dy1 + d'y2 = (dc]T+d'c2T)x

After rearranging (3.2) into the standard linear continuous
system state-space description, we obtain the basic averaged state-

space description (over a single period TS):

X

(dA]+d'A2)x + (db]+d'b2)vg
(3.3)

<
i

LY
(dc] +d CZT)X

This model 1is the basic averaged model which is the starting
model for all other derivations (both state-space and circuit
oriented).

Note that in the above equations the duty ratio d is considered
constant; it is not a time dependent variable (yet), and particularly

not a switched discontinuous variable which changes between 0 and 1 as
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in [1] and [2], but is merely a fixed number for each cycle. This
is evident from the model derivation in Appendix B. In particular,
when d = 1 (switch constantly on) the averaged model (3.3) reduces
to a switched model (3.11), and when d = 0 (switch off) it reduces
to switched model (3.111).

In essence, comparison between (3.3) and (3.1) shows that the
system matrix of the averaged model is obtained by taking the average
of two switched model matrices A] and AZ’ its control is the average
of two control vectors b] and b2, and its output is the average of
two outputs 2 and y, over a period Ts’

The justification and the nature of the approximation in
substitution for the two switched models of (3.1) by state-space
averaged model (3.3) is indicated in the Appendices. It has already
been shown in Chapter 1 that the requirement of low output switching
ripple places the natural frequencies w = 1/2RC and fC = 1/2w/LC
significantly lower than the switching frequency fs = 1/Ts(see for
example (1.11)). These two restrictions on the choice of elements,
namely “h/fs << 1 and fc/fS << 1 are shown in Appendix A to lead to a

very accurate approximation of the fundamental matrix eAt

At I + At. This linear approximation

by its
first-order linear term, or e
of the fundamental matrix is shown in Appendix B to lead directly to
the state-space averaging step, namely replacement of the two linear
continuous hodels (3.1) by a single continuous model of (3.3). In

addition, in Appendix C it is shown that in the steady state regime,
the exact dc conditions could be found which under the same linear

approximation of fundamental matrices reduce to the dc conditions
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obtained from basic averaged state-space model (3.3).
The model represented by (3.3) is an averaged model over a
single period TS. If we now assume that the duty ratio d is constant

from cycle to cycle, namely, d = D (stecady state dc duty ratio), we

get:
X=A_)F+bvg (3.4)
Yy = ¢ X

where
A= DA1 +D A2
b = Db] + D'b2 (3.5)
T _ T T
C Dc] + D c2

Since (3.4) is a Tinear system, superposition holds and it

can be perturbed by introduction of line voltage variations v_ as

g g g
corresponding perturbation in the state vector x = X + x, where again

v. =Y + v , where Vg is the dc 1ine input voltage, causing a

X is the dc value of the state vector and x the superimposed ac

perturbation. Similarly, y =Y + y, and

.
~

X

#

+ + + 3.6
AX bvg Ax bvg (3.6)

T T

c X+ cx

Y+ y

Separation of the steady-state (dc) part from the dynamic

(ac) part then results in the steady state (dc) model

AX + bV = 03 Y = Yoy o= —cTA']ng (3.7)

and the dynamic (ac) model

AX + by
TA g (3'8)
C X

<> X
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It is intere